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Abstract
The Morton–Franks–Williams inequality for a link gives a lower bound for the braid index in terms
of the HOMFLY polynomial. Franks and Williams conjectured that for any closed positive braid the
lower bound coincides with the braid index. In this paper, we show that the bound is achieved for a
certain class of closed positive braids. We also give an infinite family of prime closed positive braids
such that the lower bound does not coincide with their braid indices.
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1. Introduction
A link is a closed oriented 1-manifold embedded smoothly in the 3-sphere S3, and a knot
a link with one connected component. Alexander [1] showed that every link is presented
as a closed braid with a finite number of strings. The braid index of a link L, denoted
by b(L), is defined as the minimal number of strings among all closed braid presentations
for L. It is quite hard to determine this integral geometric invariant for a given link in
general. In order to determine the braid index of a link L, one is seeking general lower
and upper estimate on b(L). Yamada [20] gives an upper bound for the braid index, which
is the number of Seifert circles in a given link diagram. Franks and Williams [6], and
Morton [9] independently give a lower bound for the braid index in terms of the HOMFLY
polynomial. To be more precise, let PL(v, z) be the HOMFLY polynomial of a link L and
max degv PL (respectively min degv PL) the maximal degree (respectively minimal degree)
in v of PL(v, z). Then it is proved in [6,9]
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(max deg P − min deg P )+ 1 b(L),2 v L v L
for any link L. We call this the Morton–Franks–Williams inequality, and denote by MFW-
inequality for short. The left side of MFW inequality will be called the “MFW bound” for
L, denoted by MFW(L).
An n-string braid β is said to be positive if β can be written as a product of positive
powers of Artin’s standard generators σ1, . . . , σn−1. The closure of a positive braid β
is called a closed positive braid, and denoted by βˆ . We identify a braid presentation
(respectively closed braid presentation) with a braid diagram (respectively closed braid
diagram) on S2, that is, an n-string tangle diagram with fixed end-points (respectively a
link diagram).
In [6], Franks and Williams proposed the following conjecture.
Conjecture 1.1 [6]. For any closed positive braid L,
MFW(L)= b(L).
Actually, this conjecture is true for torus links and n-string closed positive braids with
an n-string full twist. On the other hand Murasugi [12] conjectured that for any alternating
links the MFW bound and the braid index coincide, and proved that for any 2-bridge link
and any fibred alternating link the MFW bound coincides with the braid index. After then
Murasugi and Przytycki [14] found a counter example for Murasugi’s conjecture. In [10]
Morton and Short, however, give a counter example for Franks–Williams conjecture, which
is a 2-cable of the trefoil knot (see Fig. 1). This gives MFW(L)= 3 but b(L)= 4.
Although Conjecture 1.1 by Franks and Williams in [6] is false in general, our main
result in this paper is the following.
Theorem 1.2. For a closed positive braid L, MFW(L)= 2 if and only if b(L)= 2.
Since a link with the braid index two is the (2, n)-torus link for an integer n( = ±1), we
have a corollary.
Corollary 1.3. For a closed positive braid L, MFW(L)= 2 if and only if L is the (2, n)-
torus link for a positive integer n(> 1).
Fig. 1.
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Remark 1.4. The referee pointed out that there is a quick direct proof that the HOMFLY
polynomial of any knot with MFW(L) = 2 is the same as that of a certain (2, n)-torus
knot, in the Doctoral thesis of Elrifai [5], where he also finds all closed 3-braids with
MFW(L) = 2. The referee also pointed out that the result can be proved using the
independent calculations by Murakami [11].
This paper is organized as follows. In Section 2 we will review the HOMFLY
polynomial of a closed positive braid. In Sections 3 and 4, we will show some propositions
and lemmas concerning MFW(L) and the braid index of closed positive braids. In
Section 5, we will prove Theorem 1.2 by a precise observation for a positive resolution
tree to compute the HOMFLY polynomial. In Section 6, we will give an infinite family of
prime closed positive braids such that b(L)− MFW(L)= 1.
Throughout this paper, all manifolds are oriented in S3 unless otherwise stated. For the
definition of standard terms in Braid and Knot Theory, we refer to [2,3,8,13,17].
2. HOMFLY polynomial of closed positive braid
Let PL(v, z) be the HOMFLY polynomial of a link L defined by the following recursive
relations [7,16].
(1) PO(v, z)= 1,
(2) v−1PL+(v, z)− vPL−(v, z)= zPL0(v, z),
where O is the trivial knot and L+, L− and L0 are three links that are identical except
near one point , and , respectively. We call the ordered set of three links
(L+,L−,L0) a positive skein triple and (L−,L+,L0) a negative skein triple.
Let L be a link and D a diagram of L. By changing all positive crossings and
negative crossings into , D becomes a collection of simple closed curves on
S2, each of which is called a Seifert circle of D. (This operation is called a smoothing.)
The following is a fundamental lemma for considering polynomial invariants of closed
positive braids by a skein relation.
Lemma 2.1 ([6, Lemma 2.1], [18, Lemma 2]). Let β be an n-string positive braid. By a
finite sequence of Markov moves and braid relations one can change β into β ′ where β ′
is either the empty word or an n′( n)-string positive braid of the form β ′ = wσ 2i for a
certain positive braid w and a certain integer i (1 i  n′ − 1).
By Lemma 2.1, we can construct a positive resolution tree to compute the HOMFLY
polynomial for a closed positive braid.
Definition 2.2. Let ΓL be a resolution tree, that is, a connected, rooted binary tree, to
compute the HOMFLY polynomial for a link L presented as a closed braid. Then ΓL is said
to be a positive resolution tree if any skein triple is positive and each triple (L+,L−,L0)
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is the closure of braids of the form (wσ 2i , w, wσi) for a positive integer i . (See Fig. 2.)
A 2-string full-twist σ 2i which can be performed a crossing change and a smoothing in
order to construct a positive resolution tree is called a positive clasp.
Lemma 2.3. Let L be an m-component closed positive braid with a nontrivial component.
Then we have MFW(L)m+ 1.
Proof. Let ΓL be a positive resolution tree for L and Oi a trivial link corresponding to a
terminal node in ΓL.
Let Pi be a polynomial of the product of POi (v, z) and all labels on edges from L to Oi
in ΓL, namely,






where ni (respectively ki ) is the number of crossing changes (respectively smoothings) in
ΓL to be needed to make Oi from L, and µi is the number of components of Oi .




where χ(L) is the maximal Euler characteristic number of L.
Proof. We show that 2ni + ki − µi + 1 = 1 − χ(L). We note that the Seifert surface
obtained from a closed positive braid diagram D of L by applying Seifert’s algorithm
gives the maximal Euler characteristic number χ(L) for L [4,15]. (More precisely, χ(L)
is equal to the number of Seifert circles in D minus the number of crossings in D.) Let
L′ (respectively L′′) be a closed positive braid obtained from L by a crossing change
(respectively a smoothing) on D in a positive resolution tree ΓL. Then χ(L′)= χ(L)+ 2
(respectively χ(L′′)= χ(L)+ 1). Hence we have
χ(Oi)= χ(L)+ 2ni + ki = µi.
This completes the proof of Claim 2.4. ✷
All polynomials for trivial links on the terminal nodes in the positive resolution tree can
be written in the above form, therefore all terms with the same degree in v have the same
sign, and are not canceled. Thus we have
max degv PL − min degv PL  2(µi − 1).
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Fig. 4.
At each stage in a positive resolution tree for L, if a positive clasp consists of different
components then we perform a crossing change and if it consists of the same component
then we perform a smoothing. Finally we obtain at least one trivial link with m + 1
components at a terminal node in ΓL. Hence we have
MFW(L)= 1
2
(max degv PL − min degv PL)+ 1m+ 1. ✷
Remark 2.5. We can extend the definition of a positive resolution tree for a closed
braid diagram to that for a general link diagram as follows: A resolution tree is said
to be positive if any crossing which will be performed a crossing change or smoothing
locally appears as a positive clasp, and any diagram in each node in the resolution
tree is a positive diagram. Then, as a conclusion of this extension and the proof of
Lemma 2.3, we can see that if a positive link K has a positive resolution tree then Pi(v)
is an alternating polynomial for PK(v, z) = z1−µ∑Pi(v)z2i , where µ is the number of
components of K . A polynomial f (v) ∈ Z[v, v−1] is said to be alternating if ajaj+1 < 0
for f (v) =∑ajvj , in general. In this case we say a polynomial Pi(v) is alternating if
ajaj+1 < 0 for Pi(v) = v1−χ(K)∑ajv2j , where χ(K) the maximal Euler characteristic
number for K .
18 T. Nakamura / Topology and its Applications 135 (2004) 13–31
3. The braid index of closed positive braidIn this section, we show the following proposition.
Proposition 3.1. Let L be a 3-string closed positive braid. Then we have MFW(L)= b(L).
Proof. Let β be a 3-string positive braid presenting L. We may assume that β is of the
form σa11 σ
b1
2 · · ·σam1 σbm2 for positive integers m, a1, . . . , am and b1, . . . , bm.
Case 1. m is equal to one. If a1 = b1 = 0 then L is the 3-component trivial link. If
a1 = 0, b1 = 1 then L is the 2-component trivial link. If a1 = b1 = 1 then L is the trivial
knot. If a1, b1 > 1 thenL is the connected sum of the (2, a1)-torus link and the (2, b1)-torus
link. For any case, obviously Proposition 3.1 holds.
Case 2. m is equal to two. If three of a1, a2, b1, b2 are equal to one then L is the
(2, n)-torus link for a positive integer n. If a1 = b1 = 1 and a2, b2 = 1 then L is the
(2, a2 + b2 + 1)-torus link. For these two cases, obviously Proposition 3.1 holds. For
other cases, we can construct a positive resolution tree ΓL which contains a node whose
corresponding link is a 2-component link with a nontrivial component. By Lemma 2.3,
Proposition 3.1 holds.
Case 3. m is greater than two. We can construct a positive resolution tree ΓL which
contains a node whose corresponding link is the (3,3)-torus link L3,3 by several crossing
changes and smoothings needed to change each ai and bi into 1. By [6], we have
MFW(L3,3)= 3. Hence Proposition 3.1 holds by MFW-inequality. ✷
By Proposition 3.1, the example of Morton and Short is a counter example for
Conjecture 1.1 of the smallest number of strings. We see that if MFW(L) = 1 then
b(L)= 1 hence L is trivial knot. If MFW(L) 3 then there exists a closed positive braid
with b(L) − MFW(L) arbitrarily large constructed from the connected sum of several
copies of Morton–Short’s knot. Then we have a question.
Question 3.2. Let L be a closed positive braid. If MFW(L)= 2 then b(L)= 2?
Our main result, Theorem 1.2, is the affirmative answer for this question. We will give
a proof of Theorem 1.2 in Section 5.
4. Lemmas
In this section we prepare several lemmas to be needed for the proof of Theorem 1.2.
We give necessary conditions for a closed positive braid L to be MFW(L) > 2 with respect
to its braid form. Obviously if L has more than two components then MFW(L) > 2. By
Lemma 2.3, for a closed positive braidL if there exists a 2-component link with a nontrivial
component in a positive resolution tree ΓL then MFW(L) > 2.
Lemma 4.1. Let β be an n( 3)-string positive braid of the form:
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(1) β ′σiσi−1σiσi−1σiσi−1σi ,
(2) β ′σiσi−1σi−2σiσi−1σiσi−1σi , or
(3) β ′σiσi−1σi−2σiσi−1σi−2σiσi−1σi for a certain positive braid β ′ and a positive integer
i (3 i  n− 1).
Then a closed positive braid βˆ has MFW(βˆ) > 2.
For all cases, if βˆ is an m(> 2)-component link, then MFW(βˆ) > 2. We show that βˆ has
a 2-component link with a nontrivial component in its positive resolution tree. We note that
each component of a closed positive braid is also a closed positive braid. For a criterion of
the triviality of a knot with a positive braid presentation, we apply the following theorem
proved by Cromwell [4].
Theorem 4.2 [4, Theorem 3]. An n-string closed positive braid K is the trivial knot if and
only if a positive braid presentation of K is of the form σi1σi2 · · ·σin−1 where {i1, i2, . . . ,
in−1} = {1,2, . . . , n− 1}.
We regard a link diagram on S2 as a 4-valent graph on S2 by identifying each crossing
with a vertex. It follows from Theorem 4.2 that if a closed positive braid diagram presents
the trivial knot then there exists no face on S2 divided by the graph constructed from
the diagram with mutually different k( 2) vertices, namely, there exists no k-gon with
mutually different k( 2) vertices.
Proof of Lemma 4.1. Assume that βˆ is a 2-component link or a knot for all cases.
Case 1. If βˆ is a 2-component link, then at least two of three strings forming
σiσi−1σiσi−1σiσi−1σi are contained in the same component. Then we can see that the
component has a 2-gon, hence is nontrivial by Theorem 4.2. Assume that βˆ is a knot.
First we modify σiσi−1σiσi−1σiσi−1σi into σ 2i σi−1σ 2i σi−1σi by braid relations. Then we
can perform a smoothing at a positive clasp in order to change σ 2i σi−1σ 2i σi−1σi into
σiσi−1σ 2i σi−1σi , and obtain a 2-component link. Then we can find a nontrivial component.
See Fig. 6.
Case 2. If βˆ is a 2-component link, then we can easily find a nontrivial component
except the case of the left side of Fig. 7, where strings labeled by A or B are contained
in the same component respectively. We can determine the connection of strings contained
in the same component according to the dotted lines as shown in Fig. 7. (Dotted lines
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Fig. 7.
illustrate that if a dotted line ends at the ith point from the left side, then it connects
to the ith string in the braid before reaching other strings in the figure.) We modify
σiσi−1σi−2σiσi−1σiσi−1σi into σiσi−1σi−2σ 2i σi−1σ 2i by braid relations. We can smooth
twice in order to change σiσi−1σi−2σ 2i σi−1σ 2i into σiσi−1σi−2σiσi−1σi , and obtain a
2-component link, again. Then we can find a nontrivial component according to the
connection in Fig. 7.
Assume that βˆ is a knot. We modify σiσi−1σi−2σiσi−1σiσi−1σi into σiσi−1σi−2σ 2i ×
σi−1σ 2i by braid relations, again. We perform a smoothing at a positive clasp in order to
change σiσi−1σi−2σ 2i σi−1σ 2i into σiσi−1σi−2σiσi−1σ 2i , and obtain a 2-component link.
We can find a nontrivial component except the case of the central figure of Fig. 8,
whose connection can be determined according to the dotted lines in Fig. 8. For that
case, we return the situation before performing a smoothing with the connection, and
perform a smoothing at another positive clasp in order to change σiσi−1σi−2σ 2i σi−1σ 2i into
σiσi−1σi−2σ 2i σi−1σi . Then we can find a nontrivial component according to the connection
as shown in Fig. 8.
Case 3. If βˆ is a 2-component link, then we can find a nontrivial component. Assume
that βˆ is a knot. First we modify σiσi−1σi−2σiσi−1σi−2σiσi−1σi into σ 2i σi−1σiσi−2σi−1σi
σi−1σi by braid relations. Then we can perform a smoothing in order to change
σ 2i σi−1σiσi−2 σi−1σiσi−1σi into σiσi−1σiσi−2σi−1σiσi−1σi , and obtain a 2-component
link. Then we can find a nontrivial component. See Fig. 9. ✷
Lemma 4.3. Let β be an n( 4)-string positive braid of the form:
(1) β ′σn−2σn−3σn−1 σn−2σn−1σn−2σn−1,
(2) β ′σn−2σn−1σn−2σn−1σn−2σn−1,
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Fig. 9.
Fig. 10.
(3) β ′σn−2σn−1σn−2σn−3σn−1σn−2 σn−1,
(4) β ′σn−2σn−3σn−4σn−1σn−2σn−3σn−1σn−2σn−1, or
(5) β ′σn−2σn−3σn−1σn−2σn−3σn−1 σn−2σn−1 for a positive braid β ′ containing no σn−1 .
Then a closed positive braid βˆ has MFW(βˆ) > 2.
Proof. The case that βˆ is a knot does not occur in Cases 1 and 2. So we can easily find a
nontrivial component.
Case 3. If βˆ is a 2-component link, then we can find a nontrivial component.
Assume that βˆ is a knot. First we modify σn−2σn−1σn−2σn−3σn−1σn−2 σn−1 into
σ 2n−2σn−1σn−2σn−3 σn−2σn−1 by braid relations. Then we can perform a smoothing in
order to change σ 2n−2σn−1σn−2 σn−3σn−2σn−1 into σn−2σn−1σn−2σn−3σn−2σn−1, and
obtain a 2-component link. Then we can find a nontrivial component. See Fig. 11.
22 T. Nakamura / Topology and its Applications 135 (2004) 13–31Fig. 11.
Fig. 12.
Case 4. First we modify σn−2σn−3σn−4σn−1σn−2σn−3σn−1σn−2σn−1 into σn−2σn−3
σn−4σn−2σn−3σ 2n−2σn−3 by braid relations, and the resulting braid is presented by (n−1)-
strings.
If βˆ is a 2-component link, then we can find a nontrivial component except the
case of the left side of Fig. 12. We can determine the connection according to the
dotted lines as shown in Fig. 12. We first perform a smoothing on the crossing
labeled by 1 in Fig. 12 in order to change σn−2σn−3σn−4σn−2σn−3σ 2n−2σn−3 into
σn−2σn−3σn−4σn−2σn−3σn−2σn−3. Then the crossing labeled by 2 in Fig. 12 can form
a positive clasp. We perform a smoothing on the crossing labeled by 2, and obtain a
2-component link, again. Then we can find a nontrivial component according to the
connection in Fig. 12.
Assume that βˆ is a knot. We first perform a smoothing in order to change σn−2σn−3σn−4
σn−2σn−3σ 2n−2σn−3 into σn−2σn−3σn−4σn−2σn−3σn−2σn−3. For the resulting 2-component
link, we can find a nontrivial component except the case of the central of Fig. 13, whose
connection can be determined according to the dotted lines in Fig. 13. For that case, we
return the situation before performing a smoothing, and perform a crossing change on the
crossing labeled by 1 in Fig. 13. Then the crossing labeled by 2 in Fig. 13 can form a posi-
tive clasp in a positive resolution tree. We perform a smoothing on the crossing labeled by
2, and obtain a 2-component link. Then we can find a nontrivial component according to
the connection in Fig. 13.
Case 5. First we modify σn−2σn−3σn−1σn−2σn−3σn−1σn−2σn−1 into σn−2σn−3 ×
σn−2σn−3 σ 2n−2σn−3 by braid relations, and the resulting braid is presented by (n − 1)-
strings.
If βˆ is a 2-component link, then we can find a nontrivial component except the case of
the left side of Fig. 14. We can determine the connection according to the dotted lines as
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shown in Fig. 14. We first perform a smoothing on the crossing labeled by 1 in Fig. 14 in
order to change σn−2σn−3σn−2σn−3σ 2n−2σn−3 into σn−2σn−3σn−2σn−3σn−2σn−3. Then we
can perform a smoothing on the crossing labeled by 2 in Fig. 14, and obtain a 2-component
link, again. Then we can find a nontrivial component according to the connection in Fig. 14.
Assume that βˆ is a knot. We can perform a smoothing in order to change σn−2σn−3σn−2
σn−3σ 2n−2σn−3 into σn−2σn−3σn−2σn−3σn−2σn−3, and obtain a 2-component link. Then we
can find a nontrivial component. See Fig. 15. ✷
Lemma 4.4. Let β be an n( 5)-string positive braid with a 5-string half-twist. Then a
closed positive braid βˆ has MFW(βˆ) > 2.
We give a proof of this lemma in Section 7.
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5. Proof of Theorem 1.2
In this section we give a proof of Theorem 1.2. First we prepare a lemma. Let β be an
n-string positive braid and s, s′ strings in β such that they have at least two crossings c1
and c2. Assume that c1 and c2 appear successively when we see only s and s′ in β . Then
we have the following.
Lemma 5.1. There exists a positive resolution tree for βˆ containing a closed positive braid
βˆ ′ such that β ′ has a positive clasp obtained from c1 and c2.
Proof. Let F be a 2-gon obtained from s, s′, c1 and c2 when we regard a diagram as a
4-valent graph. Let sL (respectively sR) be the edge of the left side (respectively right side)
of F . See Fig. 17. Then there exist four types of strings such that they go through F from
sL to sR , or from sR to sL, or from sL to sL, or from sR to sR . If there exist 2-gons in F
constructed from other pairs of two strings, then we choose an innermost 2-gon G, that is,
the other strings go through G over or under all edges of G. By easy deformation, we see
that no edge goes through G, that is, G appears as a positive clasp in β . Then we perform
a crossing change in order to delete G. So assume that there does not exist such a 2-gon
constructed from other pairs of two strings in F . If there exists a 2-gon constructed from
sL (respectively sR) and another string except sR (respectively sL), then we delete such a
2-gon by a parallel procedure. So we may assume that there exists no 2-gon in F . Now we
see that the other strings go through F over or under all edges of F , hence F appears as a
positive clasp by easy deformation. We have the required positive braid β ′. ✷
Proof of Theorem 1.2. Let L be a closed positive braid presented by a positive braid β .
The “if” part is obvious. So we show the “only if” part by induction on the number of
strings. Since MFW(L)= 2, L is a 2-component link or a knot.
If n  3 then Theorem 1.2 holds by Proposition 3.1. Assume that Theorem 1.2 holds
for the closures of positive braids whose number of strings is less than n, and β is
presented by n(> 3) strings. If σn−1 does not occur in β , then nth string forms a
separated trivial component. Since L is the 2-component trivial link, β can be presented
by an (n − 1)-string positive braid by Theorem 4.2. Assume that σn−1 occurs in β as k
syllables σm1n−1, σ
m2
n−1, . . . , σ
mk
n−1 for nonzero positive integers k, m1,m2, . . . ,mk , and that k
is minimal up to cyclic permutation for β .
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Case 1. k is equal to one. If m1 is equal to one, then β can be presented by (n − 1)-
string positive braid, hence Theorem 1.2 holds by induction. If m1 is greater than one,
then βˆ is the connected sum of (2,m1)-torus knot or link and a certain knot or link L′. By
Lemma 2.3,L′ is the trivial knot. Since β can be presented by (n−1)-string positive braid,
Theorem 1.2 holds by induction.
Case 2. k is greater than two. In this case, we will make a closed positive braid L′
whose braid presentation is one of the forms in Lemmas 4.1, 4.3 and 4.4 by constructing
a positive resolution tree. For that purpose, we first change each syllable of a generator σ%i
into σi by smoothings and crossing changes, and denote by βˆ1 the resulting closed positive
braid. Let Ci (3 i  k) be the ith crossing of σn−1 in β1. We label the tip of the overpass
(respectively the root of the underpass) of Ci as p2i−1 (respectively as p2i−2) in the small
disk on S2 which is a regular neighborhood of Ci . We denote by p2i−1 (respectively p2i−2)
the arc starting at p2i−1 (respectively reaching p2i−2).
If p2i−1 reaches p2i , then there exists a 2-gon consisting of p2i−1 and another arc, since
σ 2n−1 does not occur in β1. We can change such a 2-gon into one crossing by performing
a smoothing after some modification by Lemma 5.1. Hereafter, assume that p2i−1 does
not reach p2i , so p2i−1 and p2i have at least one crossing. If p2i−1 and p2i have more
than one crossing, then there exists a 2-gon whose edges are contained in p2i−1 and p2i .
We can also delete such a 2-gon by performing a crossing change after some modification
by Lemma 5.1. Hence we may assume that p2i−1 and p2i have exactly one crossing. We
denote by C′i such a crossing.
By applying Lemma 5.1 repeatedly for the arc from p2i−1 to C′i and other arcs
(respectively from C′i to p2i and other arcs), we assume that the arc from p2i−1 to C′i
(respectively from C′i to p2i ) runs over (respectively under) any other arcs. Then we can
deform the crossing C′i so that the crossings Ci , C′i , Ci+1 occur successively, that is, those
crossings make the braid form σn−1σn−2σn−1 by an isotopy (braid relations). See Fig. 18.
We label the tip of the overpass (respectively the root of the underpass) of C′i as p′2i−1
(respectively as p′2i−2) like as that for Ci . We denote by p′2i−1 (respectively p′2i−2) the
arc starting at p′2i−1 (respectively reaching p′2i−2).
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If p′2i−1 reaches p′2i and there exists a 2-gon consisting of p′2i−1 and another string,
then we can delete such a 2-gon by Lemma 5.1. Then we obtain p′2i−1 as a straight line to
p′2i .
If p′2i−1 does not reach p′2i , then p′2i−1 and p′2i have at least one crossing. By
applying a similar deformation for p2i−1 and p2i , we obtain a single crossing C′′i of p′2i−1
and p′2i , and the situation such that the crossings C′i , C′′i , C′i+1 occur successively. We also
give this deformation to the crossings C′′1 , C′′2 with their arcs, possibly. Then we can obtain
a closed positive braid L′ which has one of the required braid forms in Lemmas 4.1, 4.3
and 4.4.
Case 3. k is equal to two. There are two cases to be considered. We may assume that β




n−1 for (n− 1)-string positive braids β ′1 and β ′2 such that σn−2
occurs at least once in β ′1 and β ′2 respectively, and for nonzero positive integers m1,m2.





n−1 for a certain (n− 1)-string positive braid β ′ and a nonzero positive
integer %. If % and one of m1,m2 are equal to one, then βˆ can be presented by (n−1)-string
positive braid. Hence Theorem 1.2 holds by induction. If % = 1 and m1,m2 = 1. If m is
equal to one, then we obtain a positive braid of the form β ′σn−2σn−1σm1n−2σ
m2−1
n−1 . Hence
we may assume that % > 1. We delete σ%n−2 by performing crossing changes and possibly
one smoothing. Then we obtain (2,m1 + m2)-torus knot or link summand. By a similar
argument for Case 1, Theorem 1.2 holds.
Case 3.2. σn−2 occurs as more than one syllables in β ′1 and β ′2 respectively. First we
modify β into the braid of the form σm1n−1β ′2σ
m2
n−1β ′1 by a cyclic permutation. In β ′i , there
exists at least one syllable of σn−3 between first 2 syllables of σn−2. So if we change
each syllable σ%i into σi by smoothings and crossing changes, we obtain a closed positive
braid β˜ of the form β ′σn−1σn−2σn−3B1σn−2σn−1B2σn−2B3σn−2 for a certain (n − 1)-
string positive braid β ′ and B1, (n − 2)-string positive braids B2 and B3 such that σn−3
occurs at least once in B3 (see Fig. 19). Let pi (i = 1,2,3,4,5,6) be the “tip” or “root” of
a certain generator σj according to Fig. 19.
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Fig. 20.
If p1 joins p5 or p6, then p2 or p3 must join p4. So there exists a 2-gon
constructed from the arcs p1 joining pi (i = 5 or 6) and pj joining p4 (j = 2 or 3). By
performing a smoothing on such a 2-gon, we may assume that p1 joins p4. (Lemma 5.1
assures this procedure.) We deform β˜ to (n − 1)-string positive braid of the form
β ′′σn−3σ 2n−2σn−3B2σn−2B3σn−2 by a Markov move and braid relations (see the right side
of Fig. 20). Then we obtain a closed positive braid which is one of the form in Lemmas 4.1,
4.3 and 4.4 by applying a similar argument for Case 2. Thus we have a contradiction.
The proof of Theorem 1.2 is completed. ✷
6. Infinite family of counter examples for Franks–Williams conjecture
In this section, we prove the following theorem.
Theorem 6.1. There exists an infinite family of prime closed positive braids such that
b(L)− MFW(L)= 1.
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Proof. Let Kn be a 2-cabled knot of (n,n+ 1)-torus knot Tn,n+1 as shown in Fig. 21. By
the following theorem proved by Williams [19], we can see that the braid index of Kn is
equal to 2n.
Theorem 6.2 [19, Theorem 1]. Let K˜ be m-cabled knot of a knot K . Then we have
b(K˜)=mb(K).
We will construct a positive resolution tree such that any closed positive braid as a
corresponding link of any node can be presented by (2n− 1)-string positive braid.
We show that in the case of n = 4 since we can see that in a general case. At first,
we perform a crossing change and a smoothing on the crossing in the dotted circle in the
left side of Fig. 22. Then we have a closed positive braid K1 which can be presented by
(2n−1)-string positive braid by shrinking the thickened arc in the central figure of Fig. 22,
and by some modification. Let K2 be the other closed positive braid obtained from Kn by
a smoothing.
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Fig. 24.
Secondly for the closed positive braid K2, we slide the crossing in the dotted circle in
the right side of Fig. 22 in order to make the closed positive braid diagram as the left side of
Fig. 23. We perform a crossing change and a smoothing on the crossing in the dotted circle
in the left side of Fig. 23. Then we have the closed positive braids K3 and K4 obtained
from K2 by a crossing change and a smoothing, respectively. Then K4 can be presented
by (2n− 1)-string positive braid by shrinking the thickened arc in the right side of Fig. 23,
and by some modification.
Next for the closed positive braid K3, we slide the crossing in the dotted circle in the
central figure of Fig. 23 in order to make the closed positive braid diagram as the left side of
Fig. 24. We perform a crossing change and a smoothing on the crossing in the dotted circle
in the left side of Fig. 24. Then we have K5 which can be presented by (2n − 1)-string
positive braid by shrinking the thickened arc in the central figure of Fig. 24, and by some
modification. Let K6 be the other closed positive braid obtained from K3 by a smoothing.
Then we see that K6 consists of Kn−1 and two circles.
We can proceed this calculation for K6, since crossing changes and smoothings are
performed in the same places corresponding to those of Kn. Moreover for each stage, we
can decrease the number of strings like as K1, K4 K5, since extra components do not
obstruct it. Finally we obtain the closed positive braid consisting of K2 (namely, Morton–
Short’s knot) and a 2(n − 2)-component positive braid. This braid can be presented by
(2n− 1) strings. Hence the proof is completed. ✷
30 T. Nakamura / Topology and its Applications 135 (2004) 13–31
7. Proof of Lemma 4.4Lemma 4.4 follows the next claim. Let ∆5 be a positive word presenting 5-string half-
twists, namely, ∆5 = σkσk−1σk−2σk−3σkσk−1σk−2σkσk−1σk for a positive integer k( 4).
We may assume that β is of the form α∆5 for a certain positive braid α.
Claim 7.1. By a finite sequence of Markov moves and braid relations one can change β
into β ′ where β ′ is one of the form ∆5 or β ′1σ 2i β ′2∆5 or β ′3σj∆5 for certain positive braids
β ′1, β ′2, β ′3, 1 i  n− 1 and j = k, k − 1, k− 2, k− 3.
Proof. We define the weight w of a positive braid word by setting w(σi) = i and
w(β1β2)=w(β1)+w(β2). We show Claim 7.1 by induction on the weight for α. When α
has weight 0, α is the empty word. So the result is true. Assume that it is true for words of
weight less than m and α has weight m.
Let % be the largest integer such that σ% occurs in α. There are three cases such that (1)
k < %, (2) % < k − 3, (3) k − 3 % k.
Case 1. If σ% occurs only once in α then β is conjugate to a positive braid of the form
α′σ%α′′∆5 where α′, α′′ are positive braids, and this can be changed into α′α′′∆5 by a
Markov move and w(α′α′′∆5) < m so we are done by assumption of induction.
Hence we may assume σ% occurs more than once. Let σ%α0σ% be a subword of α with
α0 containing no occurrences of σ%.
There are three cases to be considered:
Case 1.1. σ%−1 does not occur in α0. Then since σ% commutes with everything in α0 we
can replace σ%α0σ% by α0σ 2% which is conjugate to a word of the desired form.
Case 1.2. σ%−1 occurs only once in α0. Then σ%α0σ% is equivalent to α′0σ%σ%−1σ%α′′0
since σ% commutes with everything in α0 except σ%−1. This can be replaced by
α′0σ%−1σ%σ%−1α′′0 which has lower weight. Again we are done by induction.
Case 1.3. σ%−1 occurs more than once in α0. In this case we choose a subword
σ%−1α1σ%−1 of α0 with α1 containing no occurrences of σ%−1 (or of σ%, since it does not
occur in α0). We now restart considering σ%−1α1σ%−1, looking for occurrences of σ%−2,
and checking the three cases. We repeat the process as often as necessary. At each stage
we obtain either a word of smaller weight or we decrease the subscript %, so the process
terminates.
Case 2. By a similar argument in Case 1, we can show this case.
Case 3. If σ% occurs more than once in α, then we can show by a similar argument in
Case 1. So we assume that σ% occurs only once in α. Then β is of the form β1σ%α0∆5
where β1 and α0 do not contain σ%.
There are three cases to be considered:
Case 3.1. σ%−1 does not occur in α0. Then since σ% commutes with everything in α0 we
can replace β1σ%α0∆5 by β1α0σ%∆5 which is conjugate to a word of the desired form.
Case 3.2. σ%−1 occurs more than once in α0. Then we can show by a similar argument
in Case 1.
Case 3.3. σ%−1 occurs only once in α0. Then we choose a subword σ%−1α1 of α0 with
α1 containing no occurrences of σ%−1 (or of σ%, since it does not occur in α0). We now
restart considering σ%−1α1, looking for occurrences of σ%−2, and checking the three cases.
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We repeat the process as often as necessary. At each stage we obtain either a word of
smaller weight or we decrease the subscript % preserving the braid form ∆5, so the process
terminates. ✷
Proof of Lemma 4.4. If βˆ is an m(> 2) component link, then MFW(βˆ) > 2. Assume that
βˆ is a knot or 2-component link.
If βˆ is a 2-component link, then we can find a nontrivial component, since at least three
of five strings forming ∆5 are contained in the same component.
If βˆ is a knot, then since β is one of the form β ′1σ 2i β ′2∆5 or β ′3σj∆5 for certain positive
braids β ′1, β ′2, β ′3, 1 i  n− 1 and j = k, k − 1, k− 2, k− 3 by Claim 7.1. We can make
a 2-component link as the closure of β ′1σiβ ′2∆5 or β ′3∆5 in a positive resolution tree by
performing a smoothing. Hence we have MFW(βˆ) > 2. ✷
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